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1. INTRODUCTION 
Variational inequalities [1] and hemivariational inequalities [2] have significant applications in 
various fields of mathematics, physics, economics, and engineering sciences. The associated op- 
erator equations are equally essential in the sense that these turn out to be powerful tools to the 
solvability of variational inequalities. 
Relaxed monotone operators have applications to constrained hemivariationai inequalities. 
Since in the study of constrained problems in reflexive Banach spaces X the set of all admissible 
elements i nonconvex but star-shaped, corresponding variational formulations are no longer vari- 
ational inequalities. Using hemivariationai inequalities, one can prove the existence of solutions 
to the following type of nonconvex constrained problems (P): find u in C such that 
(Au - g, v) > O, for all v in Tc(u) ,  (1.1) 
where the admissible set C c X is a star-shaped set with respect o a certain ball Bx(uo ,  p) and 
Tc(u)  denotes Clarke's tangent cone of C at u in C. It is easily seen that when C is convex, (1.1) 
reduces to the variational inequality of finding u in C such that 
(Au - g, v - u) >_ O, for all v in C, (1.2) 
where (., .) is the duality pairing. 
EXAMPLE 1.1. [2]. Let A : X --* X* be a maximal monotone operator from a reflexive Banach 
space X into X* with strong monotonicity and let C C X be star-shaped with respect o a bail 
Bx(uo ,  p). Suppose that Auo -g  ~ 0 and that distance function dc satisfies the condition of 
relaxed monotonicity 
(u* - v*, u - v) >_ -c[ lu - vll 2, for all u, v in X ,  
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and for any u* in Odc(u) and v* in Odc(v) with c satisfying 
4a2p 
O<c< 
IIAu0 - gll 2' 
where a is the constant for strong monotonicity of A. Here Ode is a relaxed monotone operator. 
Then the problem (P) has at least one solution. 
2. PREL IMINARIES  
Let X be a separable real Hilbert space with inner product <., .) and norm [[. [[. We need to 
recall some definitions. 
DEFINITION 2.1. An operator S : X ~ X is called a strongly monotone operator if there exists 
a constant c > 0 such that 
<Su - Sv ,  u - v> > c l lu  - r i l l  (2.1) 
An operator S is a Lipschitz continuous operator if there exists a constant d > 0 such that 
I l Su  - Svll ~ d l lu  - vii. (2 .2)  
DEFINITION 2.2. An operator T : X --* 2 x is said to be a relaxed monotone operator if there 
exists a constant k > 0 such that 
<wx - w2,  u - v> > -k l Ju  - vii 2, (2.3) 
where wl is in T(u) and w2 is in T(v). 
A multivaiued operator T is Lipschitz continuous if there exists a constant m > 0 such that 
Ilwa - w211 ~ ml lu  - vii, (2.4) 
for wl in T(u) and w2 in T(v). 
Let K be a nonempty closed convex subset of a separable real Hilbert space X and Pk be the 
projection of X onto K. We consider the variational inequality (VI) problem: find x in K such 
that 
(Sx + w, y - x) >_ O, for all y in K and w in T(x), (2.5) 
where S is a single-valued strongly monotone operator and T is a multivalued relaxed monotone 
operator. 
3. ITERAT IVE  ALGORITHMS AND 
VARIAT IONAL INEQUAL IT IES  
In this section, we consider the solvability of the VI (2.5) based on finding an equivalent 
operator equation. We need the following auxiliary results for the problem at hand. 
LEMMA 3.1. [1]. For a given z in X,  x in K satisfies the inequality 
(x - z ,y - x) >_ O, for all y in K, (3.1) 
ff and only if x = Pkz. 
LEMMA 3.2. An x in K is a solution of the VI (2.5) if and only if x satisfies 
x = Pk[x - A(Sx + w)], (3.2) 
where w is in T(x)  and A > 0 is arbitrary. 
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PROOF. The proof follows from an application of Lemma 3.1. Based on (3.2), we can generate 
iterative algorithms. 
ALGORITHM 3.1. For n = 0, 1 ,2 , . . . ,  
Xn+l  : Pk [Xn  -- )~(~Xn -[- Wn)] .  (3.3) 
When S is the identity, we have 
z , ,+ l  = Pk[zn  - ) , ( zn  + wn)]. (3.4) 
Now, we are about to show that {Xn} of approximate solutions converges to x, the unique 
solution of (3.2). 
THEOREM 3.1. Let X be a separable rea/Hi lbert space. Let S : X --, X be a strongly monotone 
and Lipschitz continuous operator with corresponding constants c > 0 and d > O. Let  T : X --* 2 x 
be a multivalued re/axed monotone and Lipschitz continuous operator with corresponding con- 
stants k > 0 and m > O. Then, for any A which satisfies the condition 
2(c - k) 
0 < X < (d + m) ------------~ for k < c, (3.5) 
the sequence (3.3), where the initial approximation xo is in K and Wo is in T(xo), converges to x, 
the unique solution of  (3.2). 
PROOF. Since Pk is nonexpanding, we have, for n > 1, 
I Ix~÷l - xnll 2 ~< IIx. - A(szn + wn) - (Zn-1 - -  /~(SXn-1  + Wn-1))I I  2 
= Ilzn - Xn-1  - -  )k ( (Sz  n 4- Wn) - (SXn-1  -4- wn-1)  ) tl 2 
= IIz. - x,,- l l l  2 - 2A(Sxn - SXn_I ,  X n -- Xn-1  ) 
- 2A(wn - Wn- l ,Xn  - Xn-1)  q'- ~211Sxn - Sxn- i  + wn - wn-~l l  = 
<_ [1 -- 2A(C -- k) -t- )~2(d -4- m) 2] I lxn - x=_l l l  2 
This implies that 
Ilzn+l - znll <~ ellzn - xn-x[[, 
where 
0 :  [1 -2A(c -k )+A2(d+m) 21x/2< 1 fo rO<A< 
It follows from (3.6) that for all p in N, 
O n 
I I x .+p - x . I I  < 1~-~11x l  - ~oll ,  
2(c -  k) 
(d + m) 2" 
(3.6) 
Therefore {Xn} is a Cauchy sequence. Since X is complete, there exists an x such that xn --* x. 
This completes the proof. 
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